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$\frac{\partial\eta}{(tt}+\frac{\partial\phi_{1}}{\partial x}\frac{\partial\eta}{\partial x}=\frac{\partial\phi_{1}}{\partial y}$ , $\frac{\partial\eta}{\partial t}+\frac{\partial\phi_{2}}{\partial x}\frac{\partial\eta}{\partial x}=\frac{\partial\phi_{2}}{\partial y}$. (1)
1697 2010 110-120 110
$\phi_{i}$ $i(i=1,2)$ $u_{i}$ $84_{i}=\nabla\phi_{i}$
$i=1(i=2)$ ( )
$(1-A) \{\frac{\partial\phi_{1}}{\partial t}+\frac{1}{2}[(\frac{\partial^{\Gamma}\phi_{1}}{\partial x}I^{2}+(\frac{\partial\phi_{1}}{\partial y})^{2}]\}$
(2)$-$ $(1+A) \{\frac{\partial\phi_{2}}{\partial t}+\frac{1}{2}[(\frac{\partial^{r}\phi_{2}}{\partial x})^{2}+(\frac{\partial\phi_{2}}{\partial y})^{2}]\}-2Ag\eta=\sigma\kappa$,











Concus Vanden-Broeck 4) Schultz 5)
$A=-1$ 1




$\eta$ $\phi_{i}(i=1,2)$ $\omega$ $\epsilon(|\epsilon|\ll 1)$
$\eta$ $=$ $\epsilon\eta^{(1)}+\epsilon^{2}\eta^{(2)}+\cdots$ ,
$\phi_{i}$ $=$ $\epsilon\phi_{i}^{(1)}+\epsilon^{2}\phi_{i}^{(2)}+\cdots$ ,
$\omega$ $=$ $\omega_{0}+\epsilon\omega_{1}+\frac{\epsilon^{2}}{2}\omega_{2}+\cdots$ (3)
(1) (2) $\epsilon$
$\uparrow 1^{(1)}$ $=$ ${\rm Re}\{A_{1}e^{i\omega_{O}t}\}\cos kx$ , $\omega_{0}^{2}=-Agk+\frac{k^{3}\sigma}{2}$ ,
$\varphi_{1}^{(1)}$ $=$ $\frac{\omega_{0}}{k}{\rm Re}\{iA_{1}e^{i\omega_{O}t}\}e^{ky}\cos kx$ $(y<0)$ ,
$\sigma^{(1)}J_{2}$ $=$ $- \frac{\omega_{0}}{k}{\rm Re}\{iA_{1}e^{i\omega_{O}t}\}e^{-ky}\cos kx$ $(y>0)$ (4)
$\epsilon$
$\eta^{(2)}$ $=$ $[{\rm Re}\{A_{22}^{(2)}e^{2i\omega_{O}t}\}+{\rm Re}\{A_{20}^{(2)}\}]\cos 2kx$ ,
$\phi_{1}^{(2)}$ $=$ ${\rm Re}\{B_{21}^{(2)}e^{2i\omega_{O}t}\}e^{2ky}\cos 2kx+{\rm Re}\{B_{01}^{(2)}e^{2i\omega_{O}t}\}$ $(y<0)$




, $A_{20}^{(2)}=- \frac{k|A_{1}|^{2}}{4(1+3k^{3}\sigma}$ ,
$B_{21}^{(2)}$ $=$ $- \frac{i\omega_{0}[(1_{2\omega_{O}}^{3k^{3}\sigma}-\neg)+A](A_{1})^{2}}{4(1_{2\omega_{0}}^{3k^{3}\sigma}-\neg)}$ ,





$\eta^{(3)}$ $=$ $[{\rm Re}\{A_{13}^{(3)}e^{3i\omega_{O}t}\}+{\rm Re}\{A_{11}^{(3)}e^{i\omega 0^{t}}\}]\cos kx$
$+$ $[{\rm Re}\{A_{33}^{(3)}e^{3i\omega_{O}t}\}+{\rm Re}\{A_{31}^{(3)}e^{i\omega_{O}t}\}]\cos 3kx$ ,
$\phi_{1}^{(3)}$ $=$ ${\rm Re}\{B_{13,1}^{(3)}e^{3i\omega_{O}t}\}e^{ky}\cos kx$
$+$ $[{\rm Re}\{B_{33,1}^{(3)}e^{3i\omega_{0}t}\}+$ Rc$\{B_{31,1}^{(3)}e^{i\omega_{0}t}\}]c^{3ky}\cos 3kx$ $(y<0)$ ,
$\phi_{2}^{(3)}$ $=$ ${\rm Re}\{B_{13,2}^{(3)}e^{3i\omega_{O}t}\}e^{-ky}\cos kx$
$+$ $[{\rm Re}\{B_{33,2}^{(3)}e^{3i\omega_{O}t}\}+$ Rc$\{B_{31,2}^{(3)}e^{i\omega_{O}t}\}]e^{-3ky}\cos 3kx$ $(y>0)$ ,
$A_{13}^{(3)}$ $=$ $- \frac{k^{2}}{384}[2(7-2A)+\frac{3A(2-A)}{(1_{2\omega_{O}}^{3k^{3}\sigma}--=)}-\frac{3k^{3}\sigma}{4\omega_{0}^{2}}](A_{1})^{3}$ ,
$B_{13,1}^{(3)}$ $=$ $- \frac{ik\omega_{0}}{128}[-2(15+2A)+\frac{3A(2-A)}{(1^{3}-\frac{3k}{2\omega}0\tau^{\sigma})}-\frac{3k^{3}\sigma}{4\omega_{0}^{2}}](A_{1})^{3}$,
$B_{13,2}^{(3)}$ $=$ $\frac{ik\omega_{0}}{128}[-2(7+2A)+\frac{3A(2-A)}{(1_{2\omega_{0}}^{3k^{3}\sigma}-\neg)}-\frac{3k^{3}\sigma}{4\omega_{0}^{2}}](A_{1})^{3}$,
$A_{11}^{(3)}$ $=$ $\frac{k^{2}}{16}[7+3A-\frac{A(2+A)}{(1_{2\omega_{O}}^{3k^{3}\sigma}-\neg)}+\frac{2A}{(1+_{\omega_{0}}\frac{3}{2}=)}+\frac{9k^{3}\sigma}{4\omega_{0}^{2}}]|A_{1}|^{2}A_{1}$ ,
$A_{33}^{(3)}$ $=$ $k^{2}\{$ $\frac{11}{96}+\frac{9A}{96(1^{2k^{3}\underline{\sigma}}-\neg_{\omega_{O}})}(\frac{1}{3}-\frac{3A}{(1_{2\omega_{O}}^{3k^{3}\sigma}-\neg)})$
$-$ $\frac{1}{12(1_{\omega_{0}}^{2k^{3}\sigma}-=)}[\frac{11}{16(1+_{0}^{3}\frac{4k}{\omega}\tau^{\underline{\sigma}})}-\frac{3A(3+\frac{A}{2})}{4(1^{\sigma}-\frac{3k^{3}}{2\omega}o\tau)}+\frac{63}{16}-\frac{3k^{3}\sigma}{32\omega_{0}^{2}}]\}(A_{1})^{3}$,
$B_{33,1}^{(3)}$ $=$ $\frac{i\omega_{0}}{2}(\frac{2}{k}A_{33}^{(3)}+\frac{13k}{48}(A_{1})^{3}+\frac{3}{2}A_{1}A_{22}^{(2)})$ ,




$B_{31,1}^{(3)}$ $=$ $\frac{i\omega_{0}}{2}(\frac{2}{3k}A_{31}^{(3)}-\frac{1}{2}A_{1}^{*}A_{22}^{(2)}+A_{1}A_{20}^{(2)}+\frac{k}{8}|A_{1}|^{2}A_{1})$ ,




(5) $A_{22}^{(2)}$ (6) $A_{33}^{(3)}$ $\omega_{0}^{2}=3’ 2k^{3}\sigma$
$\omega_{0}^{2}=2k^{3}\sigma$ $n$ (1)
$\frac{\partial\eta^{(n)}}{\partial t}-\frac{1}{2}(\frac{\partial\phi_{1}^{(n)}}{\partial y}+\frac{\partial\phi_{2}^{(n)}}{\partial y})=R_{1}$, $- \frac{\partial\phi_{1}^{(n)}}{\partial y}+\frac{\partial\phi_{2}^{(n)}}{\partial y}=R_{2}$ ,





$+$ $nk( \frac{\omega_{0}^{2}}{k}+\frac{(n^{2}-1)k^{2}\sigma}{2})(B_{nn,1}^{(n)}-B_{nn,2}^{(n)})=R_{4}$ (9)
$R_{4}$ (2) (8) (9)
$A_{nn}^{(n)}= \frac{}{(1-\frac{(n+1)k^{3}\sigma R}{2\omega_{0}^{2}})}$
(10)
$R$ $O(\epsilon),$ $O(\epsilon^{2}),$ $\cdots O(\epsilon^{n-1})$
$\omega_{0}^{2}$
$\omega_{0}^{2}=\frac{(n+1)k^{3}\sigma}{2}$ , (11)
$A_{nn}^{(n)}$ $B_{nn,i}^{(n)}(i=1,2)$ $n$ $Ag<0$
(11) Christodoulides Dias17)





( ) 10, 11)
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Fig. 1: $A=-O.2,$ $g=1.0,\sigma=0.5$
(a) (b) (c)
( ) (d) ( )
.Hou 13, 14, 15) $R$ 11, 18)
11)
RMI$(g=0)$
$x(\beta, 0)=\beta$ , $y(\beta, 0)=0$ ; $\gamma(\beta, 0)=2\sin\beta$ , (12)
RTI
$x(\beta, 0)=\beta$ , $y(\beta, 0)=-0.l\cos\beta$ ; $\gamma(\beta, 0)=0$ , (13)
$\beta$ $\gamma=\partial\Gamma/\partial/,$ $(\Gamma=$
$\phi_{1}-\phi_{2}$ , ) 11) (12) 2 RMI
19, 20) RMI $R$
(4) $A_{1}$ :
$A_{1}=i$ (RMI), $A_{1}=-1$ (RTI). (14)
$k=1$ $\omega_{0}$ RMI
$\omega_{0}^{2}=\sigma\prime 2$ $R$ $\omega_{0}^{2}=-Ag+\sigma’ 2$
Fig. 1 $A=-O.2,$ $g=1.O,\sigma=0.5$
$\epsilon$ $\epsilon=0.1$ $A<0$
$\triangle t$ ( ) $N$ $\triangle t=2.5\cross 10^{-4}$ $N=512$
$R$ (capillary-gravity standing wave solutions)
(13) $t=5.0$ $t=10.0$
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Fig. 2: $A=0.5,$ $g=1.O,$ $\sigma=1.5$
(a) (b) (c)
( ) (d) ( )
115
Fig. 3: RMI (a) $A=0.2,$ $\sigma=1.0$ (c)
(a) (b) $A=1.O,$ $\sigma=1.0$ (d) (b)
(a) $t=7.5$ 125
(b) ($\beta=\pm\pi$ ) ($\beta=0$ )
( ) (c) (d) (3)
$T=2\pi/\omega$ $T=9.394$ $T=9.358$ $O(\epsilon^{2})$
Fig. 2 $R$ $A=0.5,$ $g=1.O,$ $\sigma=1.5,$ $\epsilon=0.1$
$\triangle t=1.25\cross 10^{-4}$ $N=512$
$(A>0)$ $\omega_{0}^{2}>0$ $\omega_{0}$
(a) (b) Fig. l
(c) (d)
$T=12.715$ $T=12.935$ $O(\epsilon)$ Fig. 1
.
RMI Fig. 3 $A$ (a) $[(c)]$
$A=0.2$ (b) $[(d)]$ $A=1.0$ $\sigma=1.0$
$\triangle t=1.25\cross 10^{-4}$ $N=512$ (12)
RMI (12) $\gamma(\beta, 0)$ 2
$\epsilon$ $\epsilon=O(1)$
(a) (c) ( ) (c)
(d) (a) $[(c)]$ $t\geq 50$ (b) $[(d)]$
$t=26$




Fig. 4: $A=0.2,$ $g=5.0,$ $\sigma=(a)2.01$ (b) 2.0 ( ) (C)
1.99
Fig. 5: $A=0.2$ $g=5.0$ $t=(a)84.0,$ $(b)34.3,$ $(c)$
28.0 $(a)-(c)$ Fig. 4 $(a)-(c)$
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Fig. 6: ( ) $A=0.2,$ $g=5.0$
$\sigma=(a)2.01,$ $(b)$ 2.0&199 (c) (a)
$A>0$ $\omega_{0}=0$
$\omega_{0}$
Fig. 4 $A=0.2$ $g=5.0$
$\omega_{0}$
$\sigma=2.0$ ( ) $N$ $N=512[(b)$ $0\leq t\leq 28.0$ $(c)$ $0\leq t\leq 20.0]$
$N=1024[(b)$ $28.0\leq t\leq 32.0$ $(c)$ $20.0\leq t\leq 25.5]$ $N=2048[(b)$ $32.0\leq t\leq 34.3$ (c)
$25.5\leq t\leq 27.6]$ $\triangle t$ $N=512$ 1024 $\triangle t=1.25\cross 10^{-4\text{ }}$
$N=2048$ $\triangle t=6.25\cross 10^{-5}$ (a) $N$ $N=512$
(b) $t=34.3$ (c) $t=27.6$ (a) (b)
(c) (b) $(\omega_{0}=0)$ (c) $\omega_{0}^{2}<0$
(c)
Fig. 5 (b) (c) Fig. 4 (b) (c)
$\omega_{o}^{2}>0$ (a) $($ $t=84.0)$
$\gamma$ $t=83.0$
$\omega_{0}^{2}$ $A>0$ Fig.
2 $t\geq 100$ $\omega_{0}^{2}<0$
Fig. 4 (b), (c)
$\omega_{0}^{2}<()$ 10, 11)
Fig. 6 Fig. 4 Fig. 5 ( )
$\omega_{0}$ $(\sigma=2.0)$ $\sigma=2.01$ $\sigma=1.99$
$\omega_{0}$ (c) (a)
$\sigma=2.0$ 199
$\sigma=2.0$ $t=25$ $\sigma=1.99$ $t=20$
( (b) ) Fig. 4 (b) (c) $O(1)$
(a) $O[(\omega_{0})^{-1}]$ $\omega_{0}=O(10^{-1})$
(c) sinusoidal $\sigma$
$A$ $g$ $\omega_{0}\simeq 0$
Fig. 7 (11) $\Gamma$ ( ) $\tilde{\gamma}=\gamma/s_{\beta}$
$s_{\beta}$ $s$ $\beta$ (11) $n$ $n=3$
$n$ 1-6
11) Ascher, Ruuth, Wetton
ARW 21) 4
“ ”
$\triangle t$ $0\leq t\leq 1.25$ $\triangle t=6.25\cross 10^{-5\text{ }}1.25\leq t\leq 1.36$ $\triangle t=2.5\cross 10^{-5}$
$N$ $0\leq t\leq 1.25$ $N=1024$ $1.25\leq t\leq 1.36$ $N=2048$
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Fig. 7: (a) $t=(b)1.25$ (c) 131 $\Gamma$ ( ) $\gamma\sim$
$A=-1.0,$ $g=1.0,\sigma=2/3$ (b) (c) $\tilde{\gamma}$ $\Gamma$
(13) $t=1.36$ $t=1.36$
$\tilde{\gamma}$ ( )











1 $)$ Whitham G $B$ in Linear and Nonlinear Waves (John Wiley&Sons, 1999)
2 $)$ Okamoto $H$ and Shoji $M$ in The mathematical theory of permanent progressive water-waves, (World Scientific,
2001)
3 $)$ Concus $P$ 1962 J. Fluid Mech. 14568
4$)$ Vanden-Broeck J-M 1984 J. Fluid Mech. 13997
5$)$ Schultz W $W$ , Vanden-Brocck J-M, Jiang $L$ and Perlin $M$ 1998 J. Fluid Mech. 369253 [references therein]
119
6 $)$ Richtmyer R $D$ 1960 Comm. Pure. Appl. Math. 13297, Meshkov E $E$ 1969 Fluid $Dyn$ . 4101
7$)$ Matsuoka $C$ , Nishihara $K$ and Fukuda $Y$ 2003 Phys. Rev. $E67$ 036301, 200368029902(E)
8 $)$ Matsuoka $C$ and Nishihara $K$ 2006 Phys. Rev. $E73$ 026304 (references therein), 200674049902(E)
9 $)$ Matsuoka $C$ and Nishihara $K$ 2006 Phys. Rev. $E73055304(R)$ , 200674066303
10) Matsuoka $C$ 2008 Phys. $Scr$. $E$ T132014042
11) Matsuoka $C$ 2009 Phys. Fluids 21092107
12) Leppinen $D$ and Lister J $R$ 2003 Phys. Fluids 15568
13) Hou T $Y$ , Lowengrub J $S$ and Shelley M $J$ 1993 J. Comput. Phys. 114312
14) Hou T $Y$ , Lowengrub J $S$ and Shelley M $J$ 1997 Phys. Fluids 91933
15) Hou T $Y$ , Lowengrub $jS$ and Shelley M $J$ 2001 J. Comput. Phys. 169302
16) Hakim V 1998 in Hydrodynamics and Nonlinear Instabilities, ed. by Godreche and Manneville (Cambridge)
295
17) Christodoulides $P$ and Dias $F$ 1994 J. Fluid Mech. 265303
18) Ceniceros H $D$ and Hou T $Y$ 1998 Math. Comput. 67137
19) Wouchuk J $G$ and Nishihara K $J$ 1996 Phys. Plasmas 33761, 199741028
20) Nishihara $K$ , Wouchuk J $G$ , Matsuoka $C$ , Ishizaki $R$ and Zhakhovsky V V to be published in Philos. $\pi_{ans}$ .
2010.
21) Ascher U $M$ , Ruuth S $J$ and Wetton $B$ 1995 SIAM J. $Num$. Anal. 32797
120
